Direct waves of microearthquakes in the high-frequency range (>1 Hz) strongly reflect the random inhomogeneities near their ray paths. This study conducts numerical simulations of envelope broadening of impulsively radiated wavelet assuming spatially non-uniform distribution of random inhomogeneities. We assume plural von Kármán type power spectral density functions (PSDF) for random inhomogeneity to clarify how the non-uniformly distributed random media affect the frequency dependence of envelope broadening. We employ the stochastic ray path method based on the Markov approximation for the mutual coherence function. This method is appropriate to simulate multiple forward scattering during the wave propagation. We mainly examine the travel distance and frequency dependence of the peak delay time in relation to the parameters characterizing the PSDFs. The peak delay time, which is defined as the time lag from the direct-wave onset to the maximum amplitude arrival of its envelope, is the best parameter reflecting the accumulated scattering effect in random media and is quite insensitive to the intrinsic attenuation. According to the numerical simulations in various non-uniform random media, we find some remarkable features in travel distance and frequency dependence, which cannot be found in uniform random media. For example, the frequency dependence in uniform random media is uniquely determined by the spectral gradient of PSDF for arbitrary travel distance; however, that in non-uniform media gradually changes as travel distance increases if the waves have experienced a change of spectral gradient in PSDF. Considering the results of our simulation, we propose a simple recursive formula to calculate the peak delay time in non-uniform random media. This recursive formula can predict the simulation results appropriately and relate the peak delay times to two parameters quantifying the von Kármán type PSDF in short wavelengths. It will become a mathematical base for the inversion of peak delay times of bandpass filtered traces to estimate the spatial distribution of random inhomogeneity spectra.
S T O C H A S T I C R AY PAT H M E T H O D F O R S P H E R I C A L WAV E S I N R A N D O M M E D I A

Mutual coherence function for spherical waves
The propagation of a scalar wave u(x, t) in 3-D inhomogeneous media is governed by wave equation [ − ∂ 2 t /V (x) 2 ] u(x, t) = 0 where is the Laplacian. The velocity V (x) is written as V (x) = V 0 {1 + ξ (x)} where V 0 is the average velocity and ξ (x) is the fractional fluctuation. For wave radiation from a point source located at the origin, wave u(x, t) is represented by a superposition of harmonic spherical waves with amplitude U (r , θ, φ, ω) at angular frequency ω in the spherical coordinate system (e.g. Saito et al. 2002) . We measure angle θ from the unperturbed ray path. If the velocity fractional fluctuation ξ (x) is small and the wavelength is shorter than the correlation distance a of inhomogeneity, the wave equation is reduced to the parabolic wave equation for U (r , θ, φ, ω) near the unperturbed ray path as 2ik ∂ ∂r U (r, θ, φ, ω) + 1 r 2 ⊥ U (r, θ, φ, ω) − 2k 0 ξ (r, θ, φ) U (r, θ, φ, ω) = 0,
where wavenumber k 0 = ω/V 0 and ⊥ ≈ 1 θ ∂ ∂θ
∂φ 2 is the transverse Laplacian for θ 1 (Saito et al. 2002) .
We consider an ensemble average of random media, where the fractional fluctuation ξ (x) is a random function of space, and satisfies the condition that its ensemble average ξ (x) is zero. The randomness is statistically characterized by the autocorrelation function (ACF) of fractional fluctuation ξ (x) as R(x) ≡ ξ (y) ξ (y + x) . We assume the randomness is homogeneous and isotropic. Then, we define the mutual coherence function (MCF) of wavefield U (r , θ, φ, ω) at distance r and at angular frequency ω as 1 (r ⊥1 , r ⊥2 , r , k 0 ) = U (r ⊥1 , r , ω) U * (r ⊥2 , r , ω) (e.g. Sato & Fehler 1998) , where the asterisk means complex conjugate, and r ⊥ represents the location on the transverse plane that is normal to the unperturbed ray path (see fig. 2 in Saito et al. 2002) . The average intensity of the wave is written by using the MCF as I 0 (r, k 0 ) = |U (r, θ, φ, ω)| 2 = 1 (2π) 2 1 r 2 1 (r ⊥d = 0, r, k 0 ) ,
where r ⊥d is a lag distance on the transverse plane at distance r . We may interpret the time trace of the intensity as the mean square (MS) envelope at a given angular frequency. By taking ensemble average of the parabolic wave equation (1) and neglecting backward scattering (Sato & Fehler 1998, p. 244) , we can obtain a differential equation for the MCF as
where A(r ) is the longitudinal integral of the ACF as A(r ⊥d ) = ∞ −∞ R(r ⊥d , z) dz. Following the stochastic ray path method in 2-D random media (Sato & Korn 2007; Saito et al. 2008) , we derive the equation which relates the wave scattering in a thin spherical layer to the development of the MCF. Integrating eq. (3), we obtain the MCF for increment r as 1 (2π)
where
We introduce a new parameter s = (s x , s y ) representing ray-direction measured from the unperturbed ray-direction as s x ≡ k x /k 0 = sin θ x and s y ≡ k y /k 0 = sin θ y , where θ x and θ y are scattering angle projected on the x-z and y-z planes of the local Cartesian coordinate system, respectively ( Fig. 1) . By using this parameter s, we redefine functions s (s, r, k 0 ) and s (s, r, k 0 ) as
Then, we can rewrite eq. (6) as
We finally obtain the following relation
The s (s, r, k 0 ) in eq. (10) is the angular spectrum, and the s can be interpreted as a probability density function of ray scattering angle s in a thin layer. Eq. (11) means that the integral of s (s, r, k 0 ) over s gives us the intensity of wavefield. In the following, we describe how we use these two equations to derive MS envelopes for an impulsive radiation from a point source.
Numerical simulation of MS envelopes based on the stochastic ray path method
We use a stochastic ray path method that numerically simulates the propagation of intensity particles by means of the Monte Carlo method, tracking the traveltime of each particle (Williamson 1972) . To apply this method for spherical waves, we consider many thin spherical layers. The centre of these spherical layers corresponds to a seismic source. In our simulation, intensity particles are radiated from the source with a fixed radiation angle as shown in Fig. 2 . These particles are randomly scattered at layer boundaries, and finally reach to a layer boundary at distance r . Geometry of ray path in the nth spherical layer from r n−1 to r n . An intensity particle, which arrives at A on the hypocentral distance r n−1 with incident angle φ n−1 , propagates to the B on hypocentral distance r n with thickness r . The propagation direction of the particle changes from φ n−1 to φ n due to the random inhomogeneities. The φ n is the incident angle at the distance r n . Local Cartesian coordinate at A is used to evaluate the path-length l n . The angles (θ x , θ y ) are the projections of φ n on x-z plane and y-z plane of the local coordinate, respectively. The (θ x , θ y ) are the similar projections of φ n .
The travel distance of each intensity particle depends on accumulated scattering angles. In the nth spherical layer, a particle which arrived at the boundary on r n−1 with an incident angle φ n−1 is randomly scattered, and changes its propagation direction as φ n = φ n−1 + random.
This random angle is statistically determined by giving the random numbers for s by the probability density function s . The travel distance l n in the nth spherical layer (Fig. 1) can be written as
In the nth layer, angles θ x and θ y are the projections of φ n on the x-z and y-z planes, respectively. Similarly, angles θ x and θ y are the projections of φ n . These angles satisfy the following relation:
where we use the small angle approximation for θ x and θ y : θ = arcsin(sin θr n−1 /r n ) ≈ θr n−1 /r n . In our simulation, we evaluate the scattering angles θ x and θ y independently in each thin layer by using the probability density function s , then calculate l n by using eqs (12) and (13). The traveltime of each particle is given by the accumulated path lengths divided by the background velocity V 0 . We interpret the histogram of traveltimes for all intensity particles at the receiver as the time trace of wave intensity, which corresponds to the MS envelope for a given source radiation. The MS envelope derived by this method is without wandering effect (Sato & Fehler 1998) . We note that the traveltime histogram of all the intensity particles reached on the spherical surface of radius r for a fixed source radiation gives the MS envelope at a station for the case of isotropic source radiation.
In the following sections, we show some examples of envelopes in spatially uniform and non-uniform random media synthesized by the stochastic ray path method. The number of particles used in simulation is 1000 000, and we take the thickness of a layer r = 2 km and the average velocity V 0 = 4.0 km s −1 . We use the Mersenne Twister (Matsumoto & Nishimura 1998) as a pseudorandom number generator to secure the uniform distribution of random numbers in the Monte Carlo simulation.
The von Kármán type ACF is used for random inhomogeneity in the following simulation:
where the corresponding PSDF is
where ε is the root mean square (rms) of the velocity fractional fluctuation, is the gamma function, K is the modified Bessel function, and the parameter κ controls the roll-off of PSDF in short wavelength (Sato & Fehler 1998; Saito et al. 2002) . Then, the longitudinal integral of ACF is given by The term A(0) − A(r ⊥d ), which appears in eq. (5), is calculated following the approximation representation for short transverse distances r ⊥d /a from 10 −4 to 10 −1 [see eqs (18), (19) and (20) in Saito et al. 2002] .
, for r ⊥d a 1.
The values of p(κ) and C(κ) are listed in Table 1 . The probability density s is numerically calculated by applying the 2D-FFT for eq. (5). Fig. 3 shows the plot of s for κ = 0.3, ε = 0.025, a = 5 km and k 0 = 16 km −1 . We can recognize the s rapidly decreases as
E N V E L O P E B ROA D E N I N G I N U N I F O R M R A N D O M M E D I A
Envelopes in uniform random media
Fig . 4 shows the rms envelopes synthesized by the stochastic ray path method for a point source radiation in spatially uniform random media characterized by von Kármán type ACF. We assume the predominant frequency of incident wave is 10 Hz. The time trace of the square root of wave intensity corresponds to the rms envelope. The correlation distance a of inhomogeneities is chosen to be 5 km, the values of κ are ranging from 0.2 to 0.9 with a step of 0.1, and ε are 0.02, 0.04 and 0.06. The grey lines represent rms envelopes synthesized by the stochastic ray path method. Black thin lines are the envelopes calculated by using the Markov approximation for the two-frequency mutual coherence Table 1 . Parameters b p (κ), C(κ) and p(κ) in eqs (17) and (20). Note: These values are for the transverse distance r ⊥d /a from 10 −4 to 10 −1 (Saito et al. 2002) . C(κ) and p(κ) are referred from Saito et al. (2002) and b p (κ) is defined in this study, by considering the envelopes derived by the stochastic differential equation for TFMCF. function (TFMCF) (Saito et al. 2002) . These envelopes, which are derived by two different methods, show good agreement. However, closely looking at the envelopes, we find that the envelopes for strongly inhomogeneous media having small κ and large ε, that is, having rich spectra at short wavelengths show some discrepancies between the two methods. This is because large angle scattering, which cannot satisfy the small angle approximation in eq. (13), becomes dominant. In the following, therefore, we apply our simulation only for the case of κ ≥ 0.3.
Peak delay times in uniform random media
The peak delay time in uniform random media can be represented by a simple form derived from the Markov approximation for TFMCF (Saito et al. 2002) . The peak delay time for an impulsive source radiation in a spatially uniform von Kármán random medium can be written as a function of travel distance r and frequency f
Parameters M p (κ) and N p (κ, ε, a) are related to the stochastic parameters of the von Kármán type PSDF as follows:
and
This representation is derived from the relation t p = b p (κ) t M , where t M is the characteristic time (Saito et al. 2002) 
The values of b p (κ) are listed in Table 1 . The parameters p(κ) and b p (κ) monotonically increase as κ increases, and C(κ) takes the maximum at κ = 0.6. Eq. (18) implies that the travel distance dependence and the frequency dependence of the peak delay time are controlled by only κ. The parameter M p , which directly corresponds to the power of travel distance dependence, monotonically increases from 2.0 to 2.68 as κ decreases from 1.0 to 0.1. Eq. (18) faithfully describes the peak delays of synthesized envelopes in uniform random media.
E N V E L O P E B ROA D E N I N G I N N O N -U N I F O R M R A N D O M M E D I A
Envelopes in non-uniform random media
We apply the stochastic ray path method for a random medium which consists of three types of random inhomogeneities having different von Kármán type PSDFs. The boundaries of different inhomogeneities are located at distances 120 and 200 km from a point source (see Fig. 5b ). For brevity, these three parts are named as zone-1 (r = 0∼120 km), zone-2 (r = 120∼200 km) and zone-3 (r = 200∼300 km) from the source to the receiver. The randomness in zone-1 is characterized by κ = 0.8 and ε = 0.04, that in zone-2 is κ = 0.5 and ε = 0.06, and that in zone-3 is κ = 0.7 and ε = 0.05. All inhomogeneities have the same correlation distance a = 5 km and the background velocity V 0 = 4.0 km s −1 . The PSDFs of three zones are plotted in the inserted graph in Fig. 5(a) , where the vertical arrow represents the wavenumber (16 km −1 ) corresponding to the predominant frequency 10 Hz. The power spectrum of random inhomogeneity is richer at short wavelengths in zone-2 than the other zones. In Fig. 5(a) , black lines represent rms envelopes in this non-uniform random media. For comparison, grey lines are plotted for the envelopes in uniform random media having the same inhomogeneity as that in zone-1. Since the random inhomogeneity becomes strong at distances larger than 120 km in non-uniform random medium, the peak delay time becomes larger and the maximum amplitude becomes smaller than those in the uniform random medium.
Peak delay time in non-uniform random media
We measure the peak delay times of envelopes for every 10 km in the non-uniform random medium in Fig. 5. Fig. 6 shows the logarithmic plot of the peak delay time against the travel distance. Open circle is the average of 10 trials of simulation at each distance. We can recognize a clear bend of linear trend at each boundary between different inhomogeneities. The exponent of the travel distance dependence in zone-2 (120-200 km), in which κ is 0.5, is approximately 3.4, while the M p for κ = 0.5 is approximately 2.09 as shown in Fig. 6 with the dashed line. This significant change of the exponent is caused by the change of random inhomogeneities.
R E C U R S I V E F O R M U L A O F T H E P E A K D E L AY T I M E I N N O N -U N I F O R M R A N D O M M E D I A
Eq. (18) is applicable for an impulsive source radiation in uniform random media. If the PSDF of random inhomogeneities changes along the ray path, we must take account of the incidence of broadened waves to each zone having different inhomogeneity. Here, we propose a simple representation of the peak delay time in non-uniform random media as follows.
We first study the simplest example; there are two different zones between source and receiver as shown in Fig. 7 . The medium between the seismic source and distance r 1 (zone-1) has weak inhomogeneities, and that between distances r 1 and r 2 (zone-2) has strong inhomogeneities. Assuming an impulsive source radiation, we can calculate the peak delay time t p at distance r 1 by applying eq. (18) as
To obtain the peak delay time t p at distance r 2 , we replace the inhomogeneity in zone-1 with that in zone-2 according to the following procedure. Since the peak delay time on the boundary between zone-1 and 2 must be the same as that between the original and replaced media, we can calculate an equivalent travel distance r 1 in the replaced medium as, where r 1 is defined as the distance at which the peak delay time becomes t
(1) p in the medium characterized by PSDF in zone-2 for an impulsive source radiation. By using this equivalent travel distance r 1 , we may calculate the peak delay time at the receiver in zone-2 as
For the case that the random medium consists of many zones having different PSDF, it is enough to repeat the similar replacement from source to receiver sequentially. Finally, we get the following recursive formula for different nth and (n − 1)th zones as,
The thick line in Fig. 6 is the theoretical prediction by the recursive formula: eqs (22), (25) and (26). This example shows that our recursive formula appropriately predicts the peak delay time calculated from numerical simulations.
We have assumed the same correlation distance a for different zones in the simulation shown in Figs 5 and 6. We note that the simulation results assuming different correlation distance a can be also predicted by the above mentioned recursive formula. This is because the ratio ε 2/( p(κ)−1) a −1 in N p is a fundamental parameter describing the multiple forward scattering in random media characterized by von Kármán type PSDF. Fig. 8 shows plots of PSDFs for different a and κ values for the case of ε 2/( p(κ)−1) a −1 = 10 −4 km −1 . The difference of the correlation distance a generates significant variation of the PSDFs in small wavenumbers. However, spectral amplitudes at large wavenumbers higher than the corner are almost the same each other especially for small κ (Fig. 8a) , although we may find slight difference of PSDFs at large wavenumbers for the case of large κ (Fig. 8b) . This coincidence implies that the ε 2/( p(κ)−1) a −1 is a parameter characterizing the power spectrum at large wavenumbers (i.e. short wavelengths). Therefore, we can safely discuss the significant difference of PSDF in short wavelengths from the values of κ and ε 2/( p(κ)−1) a −1 , even though we do not have enough information on the correlation distance a. Consequently, we can say the parameter set (M p 
] can be used for the calculation of the peak delay time in non-uniform random media, and the estimation of the PSDF in short wavelengths (at large wavenumbers) with little information on a.
We note that the replacement of the travel distance from r n−1 to r n−1 in eq. (26) deforms the wave front shape of spherical wave due to the change of spherical radius. The good coincidence of our method with the simulation results implies that this effect is negligibly weak as long as the variation of inhomogeneities is not so large. This is because the peak delay can be affected by inhomogeneities only in the vicinity of the unperturbed ray path. The possible breakdown of our recursive formula is examined by applying our formula and the stochastic ray path method for about 70 different non-uniform random media. The statistical parameters of non-uniform random media are in the range of κ = 0.3-0.9 and ε = 0.005-0.10, where we fix a = 5 km like previous simulations. Each random medium contains from two to four zones of different random medium of which the boundaries are located at 80-200 km from the source and the zone thickness is larger than 40 km. Since t p values measured from simulations by using the stochastic ray path method show fluctuations, we examined the possible breakdown under the condition that our method is in the range of scatter of t p for 10 trials of numerical simulation. These examinations don't indicate any clear relation between the difference of individual parameters (κ or ε) at boundaries and whether the breakdown happened or not. However, we find that the breakdown of our method happened in the case that the ratio of the original travel distance r i to the equivalent one r i , r i /r i or the reciprocal r i /r i , is larger than 3.0. If r i is much smaller than r i , our method overestimates the peak delay time compared to the numerical simulation results. In the opposite case, we can expect the underestimation of the peak delay time.
D I S C U S S I O N
We have demonstrated that our recursive formula successfully predicts the peak delay time in spatially non-uniform random media characterized by von Kármán type PSDFs. In the case of Gaussian PSDF, the method employed in Gusev & Abubakirov (1999a, b) , which is originally proposed by Bocharov (1985) , is available to calculate the peak delay time. This approach seems to be straightforward without introducing the equivalent travel distance in non-uniform media, even though its application is limited for the Gaussian PSDF. Here, we compare our recursive formula with the methods of Gusev & Abubakirov (1999a) . Then, we describe the frequency dependence of the peak delay time in non-uniform random media having von Kármán type PSDFs, and its implication for the inversion analysis of the peak delay times.
Comparison with the method of Gusev & Abubakirov (1999a)
Gusev & Abubakirov (1999a) uses a simple integral form relating the medium inhomogeneities to the mean delay time of seismic energy. Considering that the ratio of the mean delay time and the peak delay time is constant in uniform random media having Gaussian PSDF (Gusev & Abubakirov 1996) , we can rewrite their integral form as t p = (1/2r ) r 0 g e η(r − η) dη at distance r . Their g e can be written as g e ≈ 2.20 √ πε 2 /(aV 0 ) according to the relation
derived from the Markov approximation for spherical waves in 3-D random media having Gaussian PSDF (e.g. Shishov 1974; Saito et al. 2002) . We numerically synthesized the envelopes in the random media having the following three different Gaussian PSDFs: PSDF characterized by ε = 0.04 for zone-1 (r = 0-120 km), PSDF by ε = 0.06 for zone-2 (r = 120-200 km) and PSDF by ε = 0.04 for zone-3 (r = 200-300 km). The correlation distance a = 5 km and the average velocity V 0 = 4.0 km s −1 are the same for three zones. Open circles in Fig. 9 are the peak delay time measured from the envelopes synthesized by the stochastic ray path method. The dashed line is the prediction by Bocharov's method employed in Gusev & Abubakirov (1999a) , and the thick black line is the prediction by our recursive formula assuming M p = 2.0 and N p = 0.367 √ πε 2 /(2aV 0 ). These two coefficients are derived from the comparison with eqs (18) and (27). We note that κ = 1.0 for von Kármán type PSDF also indicates M p = 2.0, but the N p is different between Gaussian and von Kármán type PSDFs. Both of the methods appropriately predict the simulated result, and the difference of two methods seems to be minor. The slight discrepancy of simulation result and the prediction by Bocharov's method in zone-3 may imply that the assumption of constant ratio of the mean delay to the peak delay is not valid in non-uniform random media. Considering the good coincidence of the Markov approximation with the numerical simulation results (e.g. Fehler et al. 2000; Saito et al. 2003 Saito et al. , 2008 , we can say that our method can be used as an approach to predict the peak delay times. Consequently, the recursive formula in this study appropriately predicts the peak delay time in random media having Gaussian PSDF as like as Gusev & Abubakirov (1999a) . An advantage of our method is the broader applicability to von Kármán type PSDF of random media. . Peak delay time in a spatially non-uniform random media characterized by Gaussian PSDF. Open circle is the average of 10 trails of numerical simulation. Black line is the theoretical values calculated by using the recursive formula proposed in this study, and the dashed line is the prediction by the method of Gusev & Abubakirov (1999a) .
Frequency dependence of the peak delay time in non-uniform random media
As shown in eq. (18), the peak delay time in spatially uniform random media increases with the power of travel distance and frequency. These powers are functions of κ. However, in non-uniform random media, the power of travel distance dependence is affected by all the parameters characterizing random inhomogeneities through which seismic waves have propagated, as we mentioned in previous sections. Here, we examine the frequency dependence in non-uniform random media from the perspective to the relation to the κ.
Open circles in Fig. 10 show the numerical simulation results of the peak delay times in non-uniform random media having the von Kármán type PSDF for three different frequencies: 5, 10 and 20 Hz. The non-uniform random medium in Fig. 10(a) contains three inhomogeneity zones characterized by different κ values. The values of κ are 0.4, 0.8 and 0.3 in zone-1, 2 and 3, respectively. In zone-1 (0-120 km), the ratios of the peak delay time between the different frequencies are constant. In zone-2, the ratios become small as travel distance increases. In zone-3, the ratios gradually increase as travel distance increases due to the decrease of κ. Fig. 10(b) is for the case that κ is constant (κ = 0.4). The values of ε are 0.5, 0.35 and 0.5 in zone-1, 2 and 3, respectively. Fig. 10(b) clearly shows the ratios of the peak delay time between different frequencies are kept constant regardless the change of ε. These simulation results indicate that the frequency dependence in non-uniform random media is also controlled by only κ. It implies that the frequency dependence of the peak delay times make it possible to estimate the parameter κ. Frequency dependence of t p has been reported in northeastern Japan (Obara & Sato 1995; Takahashi et al. 2007) as station averaged values. Such averaged characteristics of the peak delay time are useful for the investigation of the lithospheric inhomogeneities.
C O N C L U S I O N S
This study examined the peak delay time of seismic wave propagating through spatially non-uniform random media characterized by von Kármán type PSDFs. To simulate the envelope broadening of high-frequency waves for long travel distances, we extended the stochastic ray path method for the spherical waves based on the Markov approximation for the mutual coherence function of wavefield. From the simulation results in various non-uniform random media, we revealed that the relation between the parameter κ and the peak delay time is quite different between uniform and non-uniform random media. In uniform media, the power of the travel distance dependence is a function of κ. On the other hand, the travel distance dependence in non-uniform random media is affected by the stochastic parameters of random inhomogeneities in which waves propagated. To describe such simulation results, we newly proposed a simple recursive formula which enables us to predict the peak delay time for non-uniform random media. This recursive formula can predict the peak delay time regardless the number of different inhomogeneities along the ray path as long as the spatial variation of inhomogeneities is smooth. We further show that the frequency dependence of the peak delay time directly reflects the value of κ in non-uniform random media. This suggests that inversion analysis of the peak delay times of S-wave envelopes of microearthquakes for the earth medium inhomogeneity can be possible by using our recursive formula considering the frequency dependence of the peak delay times.
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